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I.  Introduction



This is a study on predictive neutrino models which is 
based on non-Abelian discrete symmetries.  

today’s talk → D4 symmetry  

Simple realization of flavor structure of leptons is obtained.

Some other interesting issues : 
  ex.) SUSY flavor problem, quark sector . . . .  
         →   J. Kubo san’s talk 



Does these results reflect some flavor symmetry ?
There are two ways to be investigated :

(1) The structure of mass matrix is assumed. 
     → What symmetry can generate such mass matrix ?
(2) The flavor symmetry is assumed. 
     → What mass matrix can be generated ?

Today’s talk → Scenerio (1) 

tan θsol > 0.33 - 0.49  (90% C.L.)2

sin θCHOOZ < 0.057  (3σ)2

θ23 = 45° ± 8°
θ12 = 33° ± 4°

θ13 < 13°

sin  2θatm > 0.92  (90% C.L.)2



Non-Abelian discrete groups

order 6 8 10 12 14 ...

SN S3 ...

DN D3(=S3) D4 D5 D6 D7 ...

QN Q8(Q4) Q12(Q6) ...

T T(A4) ...

order : number of elements

D3(=S3) : rotations and reflections of △ 　
D4 : rotations and reflections of □ 　
A4 : rotations and reflections of tetrahedron 　

Geometrical object :  　



S3 　

D4 

A4 

Models based on non-Abelian discrete groups

Q12(Q6)

Q8(Q4) M. Frigerio, S. K., E. Ma and M. Tanimoto, hep-ph/0409187.
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2. The model based on D4



tan θsol > 0.33 - 0.49  (90% C.L.)2

sin θCHOOZ < 0.057  (3σ)2

θ23 = 45° ± 8°
θ12 = 33° ± 4°

θ13 < 13°

sin  2θatm > 0.92  (90% C.L.)2

Neutrino mass matrix

Mν = UMNSMdiag
ν UT

MNS, Me = Mdiag
e

UMNS=

1 0 0
0 c23 s23

0 −s23 c23


︸ ︷︷ ︸
atmospheric ν, K2K

 c13 0 s13eiδ

0 1 0
−s13eiδ 0 c13


︸ ︷︷ ︸
reactor ν, CP violation

 c12 s12 0
−s12 c12 0

0 0 1


︸ ︷︷ ︸
solar ν, KamLAND

1 0 0
0 eiρ 0
0 0 eiσ


︸ ︷︷ ︸
Majorana phases

1

2

2

2

2
Normal :  m1 < m2 < m3   (Δmsol = m2ーm１, Δmatm = m３ーm１)
Inverted :  m3 < m1 < m2   (Δmsol = m2ーm１, Δmatm = m１ーm３)

Quasi-degenerate : m1 ~ m2 ~ m3

2

2

2 2 2

2 2 2



Assumption : θ23 = 45°, θ13 = 0° 
Framework : SM + 3νR (seesaw model)

Mν =


x y y

y z w

y w z

 , Me =


me

mµ

mτ

 .

Mν =


x y y

y z w

y w z

 ; S Mν S = Mν , S =


1

1

1




x y y

y z w

y w z




0

1

−1

 = (z − w)


0

1

−1

 ⇒ U =


cos θ sin θ 0

− sin θ√
2

cos θ√
2

1√
2

sin θ√
2

− cos θ√
2

1√
2


θ12 = arbitrary, no Dirac phase, two Majorana phases

Neutrino mass matrix



class transf. (1234)→ 2 dim. reps. Tr

C1 unit (1234)

(
1 0

0 1

)
2

C2 180°rot. (3412)

( −1 0

0 −1

)
-2

C3 90°rot. (4123)

(
0 1

−1 0

)
0

C3 270°rot. (2341)

(
0 −1

1 0

)
0

C4 reflection (y = x軸) (1432)

(
0 1

1 0

)
0

C4 reflection (y = −x軸) (3214)

(
0 −1

−1 0

)
0

C5 reflection (y = 0軸) (4321)

(
1 0

0 −1

)
0

C5 reflection (x = 0軸) (2143)

( −1 0

0 1

)
0

class n h χ++ χ+− χ−+ χ−− χ2

C1 1 1 1 1 1 1 2

C2 1 2 1 1 1 1 −2

C3 2 4 1 −1 −1 1 0

C4 2 2(4) 1 1 −1 −1 0

C5 2 2(4) 1 −1 1 −1 0

rep. 1++ 1+− 1−+ 1−− 2

Group D4

2 1

3 4 C3

n : # of elements
h : order of any elements
     in that class(gh=1)

1 4

2 3

Σ(dim. of reps.)^2 
  = # of elements

# of reps. 
  = # of classes



2×２ Decompositions of D4  

 Mass matrix in D4 doublet basis 

Higgs : H1, H2

(
α

β

)
×

(
α′

β′

)
= 1++ + 1+− + 1−+ + 1−−

group αα′ + ββ′ αβ′ + βα′ αα′ − ββ′ αβ′ − βα′

D4 1++ 1+− 1−+ 1−−

Q8 1−− 1−+ 1+− 1++

H1(1
++), H2(1

+−) :

(
a b

b a

)

H1(1
++), H2(1

−+) :

(
a + b 0

0 a− b

)

H1(1
++), H2(1

−−) :

(
a b

−b a

)

H1(1
+−), H2(1

−+) :

(
a b

b −a

)

H1(1
+−), H2(1

−−) :

(
0 a + b

a− b 0

)

H1(1
−+), H2(1

−−) :

(
a b

−b −a

)
(1)

lepton : (lL1, lL2), (lR1, lR2)



D4 × Z2 model SM + 3νR + 3φ + 2χ 
φ : gauge doublet Higgs
χ : gauge singlet Higgs

Charge assignment of D4 :
D! ≡ (ν!, ")

T : " = e, µ, τ Higgs doublets Φ1 : 1++, Φ2 : 1++, Φ3 : 1−+

DeL : 1++ , (DeL, DeL) : 2 Higgs singlets (χ1,χ2) : 2

eR : 1++ , (µR, τR) : 2

νeR : 1++ , (νµR, ντR) : 2

MD,! =

1++ (1 2)

1++ y1,6Φ1 + y2,7Φ2 0 0
"
1 0 y3,8Φ1 + y4,9Φ2 + y5,10Φ3 0
2! 0 0 y3,8Φ1 + y4,9Φ2 − y5,10Φ3

,

MR =

1++ (1 2)

1++ M yχχ1 yχχ2
"
1 yχχ1 M ′ 0
2! yχχ2 0 M ′



D4 × Z2 model
• eR, νeR, νµR, ντR, Φ1 transforms as odd under an extra Z2

MD =


1++ (1 2)

1++ y1Φ1 0 0
!
1 0 y2Φ1 0
2! 0 0 y2Φ1

 , MR =


1++ (1 2)

1++ M yχχ1 yχχ2
!
1 yχχ1 M ′ 0
2! yχχ2 0 M ′

 .

M# =


1++ (1 2)

1++ y3Φ1 0 0
!
1 0 y4Φ2 + y5Φ3 0
2! 0 0 y4Φ2 − y5Φ3

origin of lepton mixings

Neutrino mass matrix : MD ≡ diag(A,B,B), MR ≡


d e f

e g 0

f 0 g



Mν = MDMR
−1MT

D ∝


A2g2 −ABeg −ABfg

−ABeg B2(dg − f 2) B2ef

−ABfg B2ef B2(dg − e2)



If we assume 〈χ2〉 = 〈χ2〉 =
W

2
; W & v, Mν =


x y y

y z w

y w z

 (1)



3. Symmetry breaking and neutrino 
mixing angles   



Mν ⇒ Mν + δMν =


x y y

y z w

y w z

 +


0 ε1 −ε1

ε1 ε2 0

−ε1 0 −ε2



≡


x y(1 + ε) y(1− ε)

y(1 + ε) z(1 + ε′) w

y(1− ε) w z(1− ε′)


ε1 ≡ εy, ε2 ≡ ε′z (1)

Small perturbation to Mν by ε and ε’.

|ε|,|ε’| are constrained
 by experiments.

Assumption : D4 × Z2 symmetry is broken at low-energy.

|Ue3| < 0.2,  |cos2θ23| < 0.28,  0.33 < tanθatm < 0.49, 
7.7×10 < Δmsol < 8.8×10 eV,  1.5×10 < Δmatm < 3.4×10 eV

2

-3-3-5-5 2 2



ρ＝0, σ=0

ρ＝π/4, σ=0 ρ＝π/2, σ=0

Normal hierarcy of ν mass

|ε|,|ε’| < 0.3
|Ue3| < 0.2
|cos2θ23| < 0.28

CHOOZ

atm.

symmetric



Inverted hierarcy of ν mass

ρ＝π/4, σ=0

ρ＝0, σ=0

ρ＝π/2, σ=0

CHOOZ

atm.



Quasi-degenerate of ν mass

0.05 0.1 0.15 0.2 0.25
| cos  2  23 |

0.025

0.05

0.075

0.1
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0.175
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| Ue3 |

0.05 0.1 0.15 0.2 0.25
| cos  2  23 |
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0.125
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0.05 0.1 0.15 0.2 0.25
| cos  2  23 |

0.025

0.05

0.075

0.1

0.125

0.15

0.175

0.2

| Ue3 |

ρ＝0, σ=0 ρ＝π/4, σ=0

ρ＝π/2, σ=0

|ε| < 0.3,  |ε’| < 0.03,  m = 0.3 eV

0.05 0.1 0.15 0.2 0.25
| cos  2  23 |

0.025

0.05

0.075

0.1

0.125

0.15

0.175

0.2

| Ue3 |

ρ＝0, σ=π/2

CHOOZ

atm.



1. Normal ν mass hierarchy : 
    small deviation of |Ue3|, large deviation of |cos2θ23|

2. Inverted ν mass hierarchy : 
    small/large deviation of |Ue3|, large deviation of |cos2θ23|

3. Quasi-degenerate ν mass hierarchy : 
    small/large deviation of |Ue3|, small deviation of |cos2θ23|



Example  Radiatively generated Ue3 and cos2θatm
Assumption : ε,ε’ are generated due to radiative corrections.

MSSMSM GUT
MEW MX

D4 symmetric
Ue3 = cos2θ23 = 0

D4 is broken
Ue3 = 0, cos2θ23 = 0//



Mν at low-scale is given by

Mν(MZ) ∝ I Mν(MX) I ,

where I is flavor dependent matrix :

I " diag(1 + δe.1 + δµ, 1 + δτ ) with δα " c
(

mα

4πv

)
ln

MX

MZ

where c = 3/2,−1/ cos β in the case of SM, MSSM, respectively.

0.05 0.1 0.15 0.2 0.25
| cos  2  23 |

0.05

0.1

0.15

0.2

0.25

| Ue3 |

m = 0.3 eV, ρ＝0, σ=π/2

tanβ is constrained : 
tanβ< 23~



4. Summary and discussions 



Q8 model : SM + triplet Higgs ξ 

M. Frigerio, S. K., E. Ma and M. Tanimoto, (’04)

D! ≡ (ν!, ")
T : " = e, µ, τ Higgs doublets Φ1 : 1++, Φ2 : many possibilities

DeL : 1++ , (DeL, DeL) : 2 Higgs triplets ξ1, ξ2 : many possibilities, (ξ3, ξ4) : 2

eR : 1++ , (µR, τR) : 2

1 2 3

ξ1 ξ2 φ2 ∼ 1+− φ2 ∼ 1−+ φ2 ∼ 1−−

A 1++ 1+− (1) (2) (2)

B 1++ 1−+ (2) (1) (2)

C 1++ 1−− (2) (2) (1)

D 1+− 1−+ (3) (3) (4)

E 1+− 1−− (3) (4) (3)

F 1−+ 1−− (4) (3) (3)

(1) : Mν =


a c d

c 0 b

d b 0



(2) : Mν =


a c d

c b 0

d 0 b



(3) : Mν =


0 c d

c a b

d b a



(4) : Mν =


0 c d

c a 0

d 0 b


Basis : charged lepton mass 
matrix is diagonal.

excluded



0.20.150.10.05
m2 !eV"

0.2

0.15

0.1

0.05

m3 !eV"

0.150.10.05

0.15

0.1

0.05

0.05 0.06 0.07
m2 !eV"

0.04

0.03

0.02

m3 !eV"

0.04 0.05 0.06

0.03

0.02

0.01

scenario (1) scenario (2)



Neutrino Models based on D4 symmetry :
   θ13 = 0°, θ23 = 45° is predicted in symmetric limit

Summary

Neutrino Models based on Q8 symmetry.

|Ue3| and |cos2θ23| are deviated from zero by small 
perturbation (ex. radiative correction).

|Ue3| is strongly suppressed and |cos2θ23| could be large 
near exp. bound.  Both depend on Majorana phases : ρ, σ. 



Is a predictive D4 model possible without extra Z2 ? 

How about in quark sector ?

Higgs potential ?

Supersymmetric model ?

Questions


