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There has been a long-time belief that
the fundamental theory of Nature be the simplest. 

Breaking of the symmetries will reconcile 
the simple world with the complex reality.

complexity of the real world

large class of symmetries

＝
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various kinds of symmetry breaking

explicit breaking

spontaneous breaking

anomaly

so slightly that some remnant can be found

KM phase in the CKM quark mixing matrix violates CP

a quark mass violates the chiral symmetry

We shall see this in some detail later.

breaking by the regularization

conformal symmetry
chiral symmetry
supersymmetry

mass scale (cut off)
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Spontaneous Symmetry Breaking (SSB)

A symmetry of the Lagrangian broken by
the vacuum (ground state)

While         is invariant (up to a total deriv.) under

representation matrix

the vacuum is not invariant:

For a continuous symmetry, this is equiv. to
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An example : ferro-magnetism

Hamiltonian of the spin model

invariant under the spatial rotation

degenerate ground state

the lowest E

breaks the rotational symmetry
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In QFT, the symmetry is broken by the vacuum, 
if an operator which transforms nontrivially has nonzero VEV.

vacuum expectation value

proof)

対偶 contraposition
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As long as the Lorentz symmetry is not broken,
any operator that can acquire nonzero VEV must be a scalar.

e.g.

Higgs field in the SM

invariant under gauge trf.

Symmetry is broken

scalar operator
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Chiral condensate in the QCD

Lorentz symmetry

axial anomary

q̄q = q̄LqR + q̄RqL is not invariant under SU(Nf )L ⇥ SU(Nf )R.
<latexit sha1_base64="rZ4HJX39AAq4WEWWK26M+UGryrM="></latexit>

h0| q̄(x)q(x) |0i 6= 0 =) SU(Nf )L ⇥ SU(Nf )R is broken to SU(Nf )V
<latexit sha1_base64="lXy+DlF4RRALpFKtndHpd1vFmCY="></latexit>

dimSU(Nf ) = N2
f � 1 massless NG bosons

<latexit sha1_base64="JdsUz0KnUVHILU7Q3DUlR2+Yrys="></latexit>

For Nf = 2, three ⇡ mesons

<latexit sha1_base64="ePF8/aacQRTQA2SupCXjTWal/8Y="></latexit>
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How symmetry is borken depends on the representation
of the operator which acquires VEV.

e.g.

doublet

triplet
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Physical consequence depends on 
whether the symmetry is global or local.

local (gauge) sym.

global sym. Nambu-Goldstone theorem

Higgs mechanism

massless bosons of the same quantum number 
as the broken generator

massive gauge boson (no massless boson)

other masses, former prohibited by the sym.
fermion mass from the Yukawa coupling
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Some kinds of SSB are excluded 
--- restrictions from cosmology ---

Consider the Friedmann-Robertson-Walker Universe:

scale factor
relative to the present

curvature parameter

radiation  dominant era : 

matter  dominant era : 
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stable topological objects

Classical solutions to nonlinear field equations

The conservation of the topological charge guarantees
 their stability.

Reviews on the classical solutions in field theories:

S. Coleman, `Classical Lumps and their quantum descendants’ 
in the textbook Aspects of Symmetry

Once created in the early Universe, they become to 
dominate the energy of the Universe to ruin the successful
Big Bang Cosmology.

Cheng and Li,  Chapter 15 of Gauge theory of elementary 
                       particle physics



�13

SSB of a global discrete symmetrydomain wall

Z2

<latexit sha1_base64="HZnAx7hwYty76bFLM+awuW5attY="></latexit>

L(��) = L(�)

<latexit sha1_base64="wvPIuwkqS+iezt1CdGiSJ7DAe4A="></latexit>

h�i 6= 0

<latexit sha1_base64="o2PsjSW6San5CHau5f+9LYp7aiE="></latexit>

h�i = v

<latexit sha1_base64="CA56dO0SiCjbXto+Olt2D3YbZbk=">AAACe3ichVHLSsNAFD2Nr1ofrQoiuCkWRVTKxAeKIBTduLRqVTBSkjjWodMkJGmhVn/AteDClYKI6F+48Qdc9BPEpYIbBW/TgqioN2Tm3DP33DkzYzhSeD5j1ZDS1NzS2hZuj3R0dnVHYz29G55ddE2eMW1pu1uG7nEpLJ7xhS/5luNyvWBIvmnkl2rrmyXuesK21v2yw3cKes4Se8LUfaKysX5N6lZO8orm7IsjzQ2ShVI2lm BJFkT8J1AbIJEa0sZPqqnyih27goZd2DBRRAEcFnzCEjo8+rahgsEhbgcV4lxCIljnOEKEtEWq4lShE5unMUfZdoO1KK/19AK1SbtI+l1SxjHMHtg1e2b37IY9srdfe1WCHjUvZZqNupY72ejxwNrrv6oCzT72P1V/evaxh7nAqyDvTsDUTmHW9aWD0+e1+dXhygi7YE/k/5xV2R2dwCq9mJdpvnqGCD2A+v26f4KNyaQ6nZxK00ssoh5hDGIIo3Tfs0hhGSvI0L6HuMANbkPvSkIZUybqpUqooenDl1BmPgBv95aA</latexit>

h�i = �v

<latexit sha1_base64="yfRDn9XVCjRqV8tJmZOsJGn+Lto="></latexit>

energy per unit area ⇠ v3

<latexit sha1_base64="398qIuvb1ZYac83b+VMTzorE12g="></latexit>

⇢DW ⇠ v3a(t)2

a(t)3
/ 1

a(t)

<latexit sha1_base64="8VWOdrj4dgUbm/Er0dTFHWubNRc="></latexit>

dominates over radiation or matter in the late era

Example of discrete sym.:
internal ZN

<latexit sha1_base64="CNopB1T7W1gelqduxK9yDemFRYo="></latexit>

V (�) 3 �N + h.c. + |�|4

<latexit sha1_base64="Nl+q6f8uHhhZIut4lcjbTrvdrJU="></latexit>

CP symmetry

<latexit sha1_base64="Oqgs5OCD6AcsRL33Cq7FhlMMMF4="></latexit>

R-parity in a SUSY model

<latexit sha1_base64="4sA0VpsBmoBP0irsyfG5HVzsYZU="></latexit>

� 7! e2⇡in/N� (n = 0, 1, · · ·N � 1)

<latexit sha1_base64="W6jtplNkELvzEcsVBGDylIt7ebA="></latexit>
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string or vortex
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nonabelian monopole

This SSB could occur in some GUTs.

Number of the monopoles > 0.01 x Number of baryons

Absence of these topological objects is required to
a Beyond-the-Standard Model.
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How to study a spontaneous symmetry breaking?

Evaluate 

Formally, it is expressed, in terms of the path integral, as

Lattice MC calculation (compact gauge fields)
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A perturbative method to study a SSB

effective potential

Reviews on the effective potential:

S. Coleman, `Secret Symmetry’ in the textbook Aspects of Symmetry
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e.g. 

mass insertion

2-loop and more

UV divergent
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after renormalization, 

That is, the SSB is caused by the radiative corrections.

Coleman-Weinberg mechanism
S. Coleman and E. Weinberg, Phys. Rev. D8 (1973)
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We shall go on to the other topic,

finite-temperature behavior 
of spontaneously broken symmetries.
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Heating up a magnet looses its magnetism.

heat up

Fe: 1043K

Symmetry restoring
phase transition

One may expect a similar symmetry restoring 
Phase Transition to in a SSB QFT.

the example of ferro-magnetism
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We can apply the equilibrium statistical mechanics to study 

static features of the phase transition,

when the Hubble parameter is less than the interaction rates.

interaction rate
determined by 
the cross section and number density

<
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interaction rate

for relativistic species mean free path

total cross section of that species
for the weak interaction,

number density

effective degrees of freedom

λ

σ
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expansion rate

when all the SM particles are relativistic

EW QCD

At temperatures of the weak scale, we can safely regard
 all the SM particles are in thermal equilibrium at O(100)GeV.



Quantum Field Theory at finite temperatures

Kapusta and Gale, ‘Finite-temperature field theory’ (2006) 2nd ed.
Le Bellac, ‘Thermal Field Theory’ (2000)
Landsman and van Weert, Phys. Rep. 145 (1987) 141
Dolan and Jackiw, Phys. Rev. D9 (1974) 3320

zero-temp. QFT finite-temp. QFT

hÔi = h0| Ô |0i
<latexit sha1_base64="+VW/foVh7KmIr3SuHGl2udyZ700="></latexit>

hÔi = Tr[Ôe�Ĥ/T ]/Z(T )
<latexit sha1_base64="9t7vQDjV/cwJE8bdM0ZF/z63Q+k="></latexit>

Z(T ) = Tr[e�Ĥ/T ]
<latexit sha1_base64="QDoaieYz0eQgdpXsafL39sh8lJw="></latexit>

Ve↵(v) = h0|H |0i|h'i=v
<latexit sha1_base64="aec4R63J1343MHxHUUR0rJsOoKQ="></latexit>

Ve↵(v;T ) = (free energy density at T )h'i=v
<latexit sha1_base64="SU2gbMNhjKv03x2AHbPVvt+c8Vc="></latexit>
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free energy vs order parameter (Higgs VEV) at finite T

Veff(v;T) – Veff(0;T)

v v
v0

v0

vC

v0

v(T)

T

v(T)

v0

vC

TC TTC

2nd order PT 1st order PT

T > TC > 0 T > TC > 0

order parameter

1st order
 phase transition



euclidean
path integral
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Differences from QFT at T=0

propagators hT�(x)�(0)i ⇠ i

k

2 �m

2
! i

�!

2
n � k2 �m

2
<latexit sha1_base64="83IKbQvajnZN37oic3iYrNV2JRI="></latexit>

hT (x) ̄(0)i ⇠ i

� ·k �m

! i

i�0!̃n � � ·k �m

<latexit sha1_base64="pHNhjQwET2g4aE7p4vTa3hzQMLM="></latexit>

momentum int.
Z

d4k

(2⇡)4
! iT

X

n

Z
d3k

(2⇡)3
<latexit sha1_base64="viijWHItIxrObnNKHaFCIVE8o8s="></latexit>

Wick’s theorem Bloch-De Dominicis theorem

Path-integral representation of the partition function
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Standard Model V (�) = �µ2�†�+ �(�†�)2
<latexit sha1_base64="p9zuIBL8G8UJ0ntKkBlHsbmzMps="></latexit>

tree-level min. at v0 =

r
µ2

�
<latexit sha1_base64="cxNc6pwgKtsOF8u1Nvh2t2t4kNM="></latexit>

�(x) = e

i✓a(x)⌧a/2

 
0

(v + h(x))/
p
2

!

<latexit sha1_base64="SvyDMjoa0NDfjYLifRA7KZvYAuo="></latexit>

V = (�µ2 + �v2)h+
1

2
(�µ2 + 3�v2)h2 + �vh3 +

�

4
h4

<latexit sha1_base64="/PMAzEYEwHymnwbFTcjcikJA/Y8="></latexit>

tree-level mass of the higgs : m2
h = �µ2

+ 3�v20 = 2�v20
<latexit sha1_base64="QaG+sOVbhODoqFYDI6uMfbkyx7k="></latexit>

For simplicity, we consider the 1-loop corrections from 
the top quarks, W- and Z-bosons.
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Formulas for the 1-loop corrections

1-loop corr. to the effective potential for the real scalar theory

euclidean 4-momentum

renormalization
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Ve↵(v;T ) = �µ2

2
v2 +

�

4
v4 +

X

A=t,W,Z

cA
⇥
F (m2

A(v)) + IA(mA(v)/T )
⇤

<latexit sha1_base64="XQO83n8ysLLP5hDElgT+8Ad7YB4="></latexit>

renormalized 1-loop corr. finite-T corr.

ct = �4 · 3
color

= �12, cW = 6, cZ = 3
<latexit sha1_base64="mm48eKCJe8XyQI2TvG++SZ0WBrs="></latexit>

= �µ2

2

v2 +
�

4

v4 + 2Bv4
✓
log

v2

v20
� 3

2

◆
+

¯V (v;T )
<latexit sha1_base64="F4CdKD6apjJQpcGwjl7/C8jqdq0="></latexit>

B =
3

64⇡2v40

�
2m4

W +m4
Z � 4m4

t

�

<latexit sha1_base64="hOJAiI7VGWVkyGqZppsArhFBgt0="></latexit>

(coupling)

4
<latexit sha1_base64="0s4m03y8hm+W3pddzzaUp+Vdf5M="></latexit>

where

statistics and degrees of freedom



�31

High-T expansion of

symmetry restoration at high-T

IR nonanalyticity
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Assuming

1st order PT
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In most cases, the perturbative expansion at high temperatures 
is not a good approximation.

e.g. Dolan and Jackiw, Phys. Rev. D9 (1974)

corrections to 2-point function（High-T exp.）
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‘resummation’

+ + + ...

　
 

loop expansion is invalidated

in the propagator

thermal mass weakens the PT
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A nonperturbative analysis: Lattice MC calculation

link variable

Standard Model (1 Higgs doublet)
1st order Phase Transition for

[Csikor, hep-lat/9910354]

End point of the Phase Transition at 

Cross Over
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As expected, we have seen that
the broken gauge symmetry was restored at high temperatures.

free energy

Higgs field

EWPT
(Electroweak PT)

no dramatic event
Recall
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Some extension of the SM predicts the first order EWPT.

If it is of strong first order, some cosmological events could occur.

large

vC
TC

, and/or lare latent heat

<latexit sha1_base64="IROVh9o/8Aqyo90fWBDjh+V2NWk="></latexit>

The expansion of the bubble of the broken phase within the 
symmetric phase realizes nonequilibrium state.

symmetric phase

broken
phase

O vC

Veff

v

nucleation temp.

latent heat
=
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1. Generation of Gravitational Wave

eLISA config.

C1: 5Mkm/6

arm length/#links

C2: 1Mkm/6

C3: 2Mkm/4

C4: 1Mkm/4

Ref.: C. Caprini, JCAP 04 (2016) 001
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Reviews : KF, Prog. Theor. Phys. 96 (1996) 475
Rubakov and Shaposhnikov, Phys. Usp. 39 (1996) 461
Riotto and Trodden, Ann. Rev. Nucl. Part. Sci. 49 (1999) 35

2. Electroweak Baryogenesis
v(T ) 6= 0

<latexit sha1_base64="cFeBn6n2e8iYsJYRrPtWbkwBTpA="></latexit>

v(T ) = 0
<latexit sha1_base64="XQBE9v722m4DwkWrQ2vlxNBAMPs="></latexit>

fL, fR
<latexit sha1_base64="G2J8qz78vXBEb3GG0E6fdGIxM/E="></latexit>

fL, fR
<latexit sha1_base64="G2J8qz78vXBEb3GG0E6fdGIxM/E="></latexit>

f̄L, f̄R
<latexit sha1_base64="+her73RRc43ivtGecDos9fj42s8="></latexit>

f̄L, f̄R
<latexit sha1_base64="+her73RRc43ivtGecDos9fj42s8="></latexit>

f̄L, f̄R
<latexit sha1_base64="Yj/sQ3qKZsjCuS5HkwtEB59EmfI="></latexit>

f̄L, f̄R
<latexit sha1_base64="Yj/sQ3qKZsjCuS5HkwtEB59EmfI="></latexit>

fL, fR
<latexit sha1_base64="bsUUcU0sbh9JkpJO4GbvBqdP61U="></latexit>

fL, fR
<latexit sha1_base64="bsUUcU0sbh9JkpJO4GbvBqdP61U="></latexit>

�(B + L) = 0
<latexit sha1_base64="qNTySiWE9XvdAvS9Ug6yCFUu/p0="></latexit>

�(B + L) 6= 0
<latexit sha1_base64="PTHbaZbZYIpHWUQV6totyeKGUKM="></latexit>

spheron process

decoupled in equilibrium

CP violation

chiral charge QL �QR 6= 0
<latexit sha1_base64="Q5LJ2yPv8ZIBt5jMGepjjNBK94M="></latexit>

accumulated in the sym. phase
<latexit sha1_base64="jeVDPrYp4EwTzV6AuLn0iguHHOQ="></latexit>

bias on the sphaleron process

(B + L) is generated
<latexit sha1_base64="h9AoJ1EG+2Z/imlmiWJwLCKvx6o="></latexit>



�40

Summary
`Symmetry’ is a guiding principle to build a particle physics 
mode.

Except for some symmetries (SU(3)c, U(1)em, U(1)B, 
Lorentz, …), most of them are broken explicitly (but very 
slightly) or spontaneously.

While some of SSB’s are prohibited, spontaneously broken 
symmetries leave their trace — NG bosons, massive 
vectors, once SSB’s occur.

Spontaneously broken symmetries are restored at high 
temperatures. The SSB PT could cause a dramatic event 
such as generation of GW and baryon asymmetry.
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Problem radiative symmetry breaking in the massless scalar QED

1.

hint:

2.

3.

4.


